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IMAGINARY QUADRATIC POINTS ON TORIC
VARIETIES VIA UNIVERSAL TORSORS
MARTA PIEROPAN
Abstract. Inspired by a paper of Salberger we give a new proof of
Manin’s conjecture for toric varieties over imaginary quadratic number
fields by means of universal torsor parameterizations and elementary
lattice point counting.
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1. Introduction
Let k be a number field. Around 1989, Manin predicted an asymptotic
formula for the distribution of rational points on Fano varieties over k: there
exists an open subset U of the variety X such that
#{x ∈ U : H(x) ≤ B} ∼ CX,H,kB(logB)
r−1, (1)
where H : X(k)→ R≥0 is the height function defined by an adelic metric on
the anticanonical sheaf, r is the rank of the Picard group of X, and CX,H,k
is a constant independent of B [FMT89]. The constant CX,H,k depends on
X, H and k, and has been interpreted in terms of Tamagawa numbers by
Peyre [Pey95, Pey03].
The asymptotic formula (1) above does not hold for all Fano varieties
(cf. [BT96]), but has been verified for some families of varieties and many
specific examples. The proofs of the known cases make use of various tech-
niques: the Hardy-Littlewood circle method applies to complete intersec-
tions whose dimension is large compared to the degree (e.g. [Bir62, Pey95]),
harmonic analysis on adelic points works for certain equivariant compactifi-
cations of algebraic groups (e.g. [BT98, CLT02]), other proofs employ torsor
parameterizations and lattice point counting. This last idea goes under the
name of “the universal torsor method”. It was introduced by Salberger, who
proved Manin’s conjecture for complete smooth split toric varieties over Q
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with anticanonical sheaf generated by global sections [Sal98], and was then
applied to many other varieties over Q: for example, some (singular) del
Pezzo surfaces (e.g. [Bre02, BB07, BBD07, BB13]) and Chaˆtelet surfaces
(e.g. [BBP12]).
The circle method and harmonic analysis work for families of varieties over
arbitrary number fields, but require that the varieties satisfy very special
properties. On the other hand, the universal torsor method applies to a
wider range of varieties, but has been handled mainly over Q. Only recently,
a generalization of this method to other number fields was started [DJ13,
Fre13, DF14a, DF14b, DF15, FP14].
Universal torsors were introduced and studied by Colliot-The´le`ne and
Sansuc [CTS76, CTS87] to investigate the rational points on geometrically
rational vartieties. A universal torsor of X is a geometric quotient π :
T → X of T by the Ne´ron-Severi torus TNS of X, which is the group of
k-characters of the geometric Picard group Pic(X). For a complete variety
with Pic(X) free and split (i.e. with trivial Galois action) of rank r and with
a proper model X˜ over the ring of integers Ok of k, the set of rational points
X(k) coincides with the set of integral points X˜(Ok) and is parameterized
by the integral points on the universal torsors π˜ : T˜ → X˜ of X˜ . The fiber of
π˜ over each Ok-point is either empty or isomorphic to (O
×
k )
r, hence counting
rational points on X is the same as counting integral points on the torsors
T˜ modulo the action of (O×k )
r.
There are at least two reasons why so far the universal torsor method
has been applied mainly over Q. Firstly, because over Z there is just one
isomorphism class of torsors T˜ in the split case, while over number fields
of class number greater than 1 one has usually to count lattice points on
more than one torsor T˜ . Secondly, because the fibers of a universal torsor
morphism over Z are finite of the same cardinality #(Z×)r = 2r. Hence, the
number of points on a subset of X˜ is obtained by counting the number of
points on its preimage under π˜ and then dividing by 2r. A similar trick works
if k is an imaginary quadratic field. This explains why the first applications
of the universal torsor method to number fields beyond Q [DJ13, DF14a,
DF14b, DF15] consider imaginary quadratic fields.
If O×k is not finite, one needs to work with a fundamental domain for the
action of (O×k )
r on T˜ (Ok) (see [Fre13]). This leads sometimes to count lattice
points in unbounded regions that require refined techniques [FP14]. This last
paper offers a systematic and explicit way to produce parameterizations in
terms of lattice points on twisted universal torsors for varieties over number
fields with arbitrary class number and applies it to a specific singular del
Pezzo surface of degree 4.
Toric varieties are a classical topic in the literature about Manin’s con-
jecture. We recall that Schanuel’s asymptotic formula for the number of
points of bounded height on projective spaces of any dimension over arbi-
trary number fields [Sch79] inspired Manin’s conjecture [FMT89]. Smooth
projective toric varieties have been worked out via harmonic analysis over
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arbitrary number fields [BT98] and over global fields of positive characteris-
tic [Bou11]. Salberger considered complete smooth split toric varieties over
Q with anticanonical sheaf generated by global sections to test the univer-
sal torsor parameterization and other innovations in his remarkable paper
[Sal98], the error term in his result was then improved by de la Brete`che in
[Bre01a] by means of the precise estimations of multiple sums of arithmetic
functions he developed in [Bre01b].
In our paper we generalize Salberger’s proof to imaginary quadratic fields.
It is the first proof of Manin’s conjecture via the universal torsor method for
a family of varieties over number fields beyond Q. Moreover, like Salberger’s
and de la Brete`che’s results, our main theorem below covers some complete
non-projective toric varieties (for example Oda’s threefold [Oda78, §1.9.4])
that have been neglected by [BT98] and [Bou11].
The main result of this paper is the following theorem.
Theorem 1. Let X be a smooth equivariant compactification of a split torus
T over an imaginary quadratic number field k. Assume that the anticanon-
ical sheaf of X is generated by its global sections. Let H be the toric anti-
canonical height function on X(k) defined in [Sal98, §10], and let NT,H,k(B)
be the number of k-rational points on T of toric anticanonical height at most
B. Then, for all ε > 0,
NT,H,k(B) = CX,H,kB(logB)
r−1 +O(B(1 + logB)r−2+1/f+ε),
where r is the rank of the Picard group of X, f is the smallest positive
integer such that there exist f rays of the fan Σ defining X not contained in
a cone of Σ, and CX,H,k is the constant predicted by Peyre in [Pey95].
The constant CX,H,k is the product
α(X)κ|∆k |
−N/2hrkw
−r
k (2π)
N#Σmax, (2)
where α(X) is the volume of a certain polytope in the dual of the effec-
tive cone of X defined in [Pey95, §2] (cf. [Sal98, §7]), κ is a product of
non-archimedean local densities (cf. (8) and Proposition 15), ∆k is the dis-
criminant of k, hk is the class number of k, wk is the number of roots of 1
contained in k, and N and #Σmax are the number of rays and the number
of maximal cones, respectively, in the fan defining X.
This paper is organized as follows. In Section 2 we recall the Cox rings of
split toric varieties, which are polynomial rings by [Cox95], and we describe
the the associated universal torsors, which are open subsets of affine spaces
whose complements are defined by monomial equations. These equations
are determined by the combinatorics of the toric varieties, and turn into
coprimality conditions on the affine coordinates of the integral points on
the twisted universal torsors that we use to parameterize rational points via
lattice points. The anticanonical height function H defined in [Sal98] is the
pullback of the Weil height
HPn : P
n(k)→ R≥0, (x0 : · · · : xn) 7→
∏
ν∈Ωk
max
0≤i≤n
|xi|ν ,
where Ωk is the set of places of k and | · |ν are the absolute values on the
completions kν of k normalized as in §1.1, under a morphismX → Pnk defined
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by the anticanonical sheaf. We prove that the height of the integral points
on the twisted universal torsors can be expressed in terms of the coordinates
of the affine spaces containing the torsors as a product involving just the
archimedean places (cf. Proposition 2).
In Section 3 we study a multiplicative function, introduced in [Pey95]
and used also in [Sal98], attached to the characteristic function of the set
of integral coordinates that belong to the universal torsor, and we perform
Mo¨bius inversion to get rid of the coprimality conditions. Thus, we reduce
to count lattice points in bounded subsets D(B) of an R-vector space CN ∼=
R2N .
Section 4 contains the proof of Theorem 1. Since the height function
depends only on the absolute value of the coordinates, we partition CN in
strongly convex rational polyhedral cones, each of them spanned by a fun-
damental domain of the lattice which is a parallelotope F with the property
that, for every lattice point x in the cone, x + F intersects the boundary
of the region D(B) defined by the height function if and only if the lifted
height of x is at most B and the height of x+ γ is strictly greater than B,
where γ is the long diagonal of the parallelotope (cf. Subsection 4.2). For
each cone C, we compare the number of lattice points in C ∩D(B) with the
volume of the region C ∩ D(B) (cf. Proposition 14), and we estimate the
difference by counting the number of lattice points x ∈ C ∩D(B) such that
x+ F * C ∩D(B) (cf. Proposition 13).
In the last section we show that the constant CX,H,k obtained in Section
4 and described above verifies Peyre’s conjecture [Pey95, Conjecture 2.3.1].
The results of Sections 2 and 3 up to §3.2 hold for arbitrary number fields.
Then we restrict to imaginary quadratic fields, because a generalization of
the proofs in [Sch79, Fre13] does not seem to be straightforward.
1.1. Notation. Let k be a number field. Let Ωk be the set of places of k,
Ωf the set of finite places of k and Ω∞ the set of infinite places of k. For
every ν ∈ Ωk, we denote by kν the completion of k at the place ν. For
every ν ∈ Ωf , if p is the prime ideal of Ok corresponding to ν, we denote by
Fp ∼= Fν = Ok/p the residue field of kν .
For every ν ∈ Ωk, let | · |ν : kν → R≥0 be the absolute value of kν
normalized as follows: if ν˜ is the place of Q below ν and Qν˜ is the completion
of Q at ν˜, then | · |ν := |Nkν/Qν˜ (·)|ν˜ , where | · |ν˜ is the usual real or p-adic
absolute value on Qν˜ .
For every nonzero fractional ideal a of k, we denote by N(a) ∈ Q its
absolute norm.
If L1, . . . , Ln are lattices (or fundamental domains of lattices) in C ∼= R2,
we denote by
⊕n
i=1 Li the lattice (respectively, the fundamental domain) in
Cn ∼= R2n obtained as direct sum of the Li.
2. Universal torsors and heights on toric varieties
2.1. Parameterization via universal torsors. Let X be a smooth com-
plete toric variety over a number field k that is an equivariant compactifi-
cation of a split torus T . We denote by T∗ the lattice of cocharacters of T
and by Σ the fan in T∗R := T∗ ⊗Z R that defines X.
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By [CTS76, §4] and [Sal98, §8], we know that X has a universal torsor
π : T → X, which is unique up to isomorphism and can be realized as the
the toric variety defined by the pullback of Σ under the morphism of lattices
Λ∗ → T∗, ρ 7→ nρ,
where nρ is the unique generator of ρ ∩ T∗, Λ∗ :=
⊕
ρ∈Σ(1) Zρ and Σ(1)
denotes the set of rays of Σ. We denote by Λ = π−1(T ) the torus contained
in T whose group of cocharacters is Λ∗. By [Cox95] the Cox ring of X is a
Pic(X)-graded polynomial ring in N := #Σ(1) variables:
Cox(X) = k[xρ : ρ ∈ Σ(1)],
where Σ(1) is the set of rays of Σ, and the degree of the variable xρ is the
class of the prime toric invariant divisor Dρ corresponding to the ray ρ. The
Cox ring of X is the ring of global sections of the structure sheaf of T (see
[ADHL15, §6.1] and [DP14, §3.2]). Moreover, there is an open embedding
T → ANk := SpecCox(X) whose complement is the closed subset defined by
the monomials
xDσ :=
∏
ρ∈Σ(1)rσ(1)
xρ, σ ∈ Σmax,
where Σmax is the set of maximal cones of Σ, and σ(1) is the set of rays of
Σ contained in the cone σ (see [Sal98, §8]).
Let Ok be the ring of integers of k. By [Sal98, Remark 8.6] (cf. [FP14,
Theorem 3.3]), the universal torsor T → X admits an Ok-model T˜ → X˜,
which is a universal torsor of the toric Ok-scheme X˜ defined by the fan Σ,
and
T˜ ∼= ANOk r V (x
Dσ : σ ∈ Σmax). (3)
Fix a basis ℓ1, . . . , ℓr of Pic(X) (namely, an isomorphism Pic(X) ∼= Zr).
Let C be a system of representatives for the class group of k. By [FP14,
Theorem 2.7], the universal torsor T˜ → X˜ induces the following parameter-
ization of the set of rational points of X:
X(k) =
⊔
c∈Cr
cπ˜(cT˜ (Ok)), (4)
where cπ˜ : cT˜ → X˜ is the twist of T˜ → X˜ defined in [FP14, Defini-
tion 2.6]. The parameterization can be made explicit as follows. For ev-
ery c = (c1, . . . , cr) ∈ C
r and every divisor D of X, let cD :=
∏r
i=1 c
ai
i ,
where a1, . . . , ar ∈ Z are determined by the equality [D] =
∑r
i=1 aiℓi in
Pic(X). For every x = (xρ)ρ∈Σ(1) ∈ k
N and c ∈ Cr, let cx = (cxρ)ρ∈Σ(1)
be defined by cxρ := xρc
−Dρ for all ρ ∈ Σ(1). For every σ ∈ Σmax, let
Dσ :=
∑
ρ∈Σ(1)rσ(1) Dρ and c
Dσ
x :=
∏
ρ∈Σ(1)rσ(1) cxρ . With this notation,
cT˜ (Ok) = {x ∈
⊕
ρ∈Σ(1)
cDρ :
∑
σ∈Σmax
cDσx = Ok} ⊆ k
N (5)
for all c ∈ Cr, by [FP14, Theorem 2.7] (cf. [Rob98, p. 15]).
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2.2. Anticanonical height function. We recall the anticanonical height
function defined by Salberger in [Sal98, §10] and list some of its properties.
We need first some notation.
For every torus invariant divisor D =
∑
ρ∈Σ(1) aρDρ of X and for every
σ ∈ Σmax, let uσ,D be the character of T determined by uσ,D(nρ) = aρ for
all ρ ∈ σ(1), and define D(σ) := D −
∑
ρ∈Σ(1) uσ,D(nρ)Dρ.
We denote by −K the anticanonical divisor
∑
ρ∈Σ(1)Dρ of X. For ev-
ery σ ∈ Σmax and ρ ∈ Σ(1), let ασ,ρ := 1 − uσ,−K(nρ), so that −K(σ) =∑
ρ∈Σ(1) ασ,ρDρ. By [Sal98, Proposition 8.7 (a)], we know that if the anti-
canonical sheaf of X is generated by its global sections, then −K(σ) is an
effective divisor for all σ ∈ Σmax, and ασ,ρ = 0 for all ρ ∈ σ(1). From now
on, we assume that the anticanonical sheaf of X is generated by its global
sections.
Let ν ∈ Ωk. For every x = (xρ)ρ∈Σ(1) ∈ k
N
ν and every effective divisor
D =
∑
ρ∈Σ(1) aρDρ of X, we denote by x
D the product
∏
ρ∈Σ(1) x
aρ
ρ .
Let H : X(k) → R≥0 be the height function corresponding to the anti-
canonical divisor −K defined in [Sal98, (10.4)]. For every x ∈ T (k),
H(π(x)) =
∏
ν∈Ωk
sup
σ∈Σmax
|x−K(σ)|ν (6)
by [Sal98, Proposition 10.14]. For integral points on the twisted torsors that
appear in (4), the height (6) can be expressed as product involving just the
archimedean places as the following proposition shows.
Proposition 2. Let c ∈ Cr and x ∈ cT˜ (Ok), then
H(π(x)) =
1
N(c−K)
∏
ν∈Ω∞
sup
σ∈Σmax
|x−K(σ)|ν .
Proof. For every ρ ∈ Σ(1), let mρ,p, nρ,p ∈ Z be defined by the equalities
cDρ =
∏
p p
mρ,p and xρOk =
∏
p p
nρ,p , where
∏
p denotes a product over the
prime ideals of Ok. Let ν ∈ Ωf be a finite place associated to a prime ideal
p of Ok. Then
sup
σ∈Σmax
|x−K(σ)|ν =
(
1
N(p)
)minσ∈Σmax ∑ρ∈Σ(1) ασ,ρnρ,p
.
We write
min
σ∈Σmax
∑
ρ∈Σ(1)
ασ,ρnρ,p = min
σ∈Σmax
 ∑
ρ∈Σ(1)
ασ,ρ(nρ,p −mρ,p) +
∑
ρ∈Σ(1)
ασ,ρmρ,p

= min
σ∈Σmax
∑
ρ∈Σ(1)rσ(1)
ασ,ρ(nρ,p −mρ,p) +
∑
ρ∈Σ(1)
mρ,p,
as ασ,ρ = 0 for all ρ ∈ σ(1) and [−K(σ)] = [−K] in Pic(X) for all σ ∈ Σmax.
Since xρ ∈ c
Dρ for all ρ ∈ Σ(1), the inequality nρ,p ≥ mρ,p holds for all
ρ ∈ Σ(1). The coprimality condition
∑
σ∈Σmax
cDσx = Ok gives
min
σ∈Σmax
∑
ρ∈Σ(1)rσ(1)
(nρ,p −mρ,p) = 0.
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Hence, minσ∈Σmax
∑
ρ∈Σ(1) ασ,ρnρ,p =
∑
ρ∈Σ(1)mρ,p, as −K(σ) is effective
for all σ ∈ Σmax. 
Lemma 3. Let ν ∈ Ωk and x ∈ T (kν) then
|x−K |ν ≤ sup
σ∈Σmax
|x−K(σ)|ν .
Proof. By [Sal98, Proposition 9.2] there exists a cone σ ∈ Σmax such that∣∣∣ x−K
x−K(σ)
∣∣∣
ν
≤ 1. Then |x−K |ν ≤ |x
−K(σ)|ν ≤ supσ∈Σmax |x
−K(σ)|ν . 
3. Mo¨bius inversion
3.1. Generalized Mo¨bius function. We introduce a generalized Mo¨bius
function, like in [Pey95, §8.5] and [Sal98, §11], that we use to get rid of the
coprimality condition in (5) via Mo¨bius inversion. In order to do so, we fix
some notation.
Let I be the set of nonzero ideals of Ok. For every d = (dρ)ρ∈Σ(1) ∈ I
N , let
N(d) :=
∏
ρ∈Σ(1)N(dρ) ∈ Z>0. For every prime ideal p of Ok, we denote by∑
d,p a sum over the set of d = (dρ)ρ∈Σ(1) ∈ I
N such that dρ is a nonnegative
power of p for all ρ ∈ Σ(1). We denote by
∏
p a product over all prime ideals
of Ok, and by
∑
N(d)≤b,
∑
N(d)≥b a sum over the set of d ∈ I
N that satisfy
N(d) ≤ b, N(d) ≥ b, respectively.
For every b = (bρ)ρ∈Σ(1) ∈ I
N and for every effective divisor D of the
form
∑
ρ∈Σ(1) aρDρ on X, let b
D :=
∏
ρ∈Σ(1) b
aρ
ρ . We denote by
χ : IN → {0, 1}
the characteristic function of the subset
{b ∈ IN :
∑
σ∈Σmax
bDσ = Ok} ⊆ I
N .
For every d ∈ IN , let
χd : I
N → {0, 1}
be the characteristic function of the subset
{b ∈ IN : d|b} ⊆ IN ,
where d|b means bρ ⊆ dρ for all ρ ∈ Σ(1).
By [Pey95, Lemme 8.5.1], there exists a unique function µ : IN → Z
such that
χ =
∑
d∈IN
µ(d)χd,
which satisfies, for every d ∈ IN ,
µ(d) =
∏
p
µ(dp), (7)
where dp := (dρ,p)ρ∈Σ(1) with dρ,p a nonnegative power of p such that dρ =∏
p dρ,p holds in Ok for all ρ ∈ Σ(1).
The next proposition, analogous to [Sal98, Lemmas 11.15 and 11.19],
shows some properties of µ that we use later.
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Proposition 4. Let f ∈ Z>0 be the smallest number of rays of Σ not con-
tained in a cone of Σ. Then
(i) the product
∏
p
∑
d,p
µ(d)
N(d)s and the sum
∑
d∈IN
µ(d)
N(d)s converge abso-
lutely and coincide for s > 1/f ;
(ii)
∑
N(d)≤b |µ(d)| = O(b
1/f+ε), for all ε > 0;
(iii)
∑
N(d)≥b(|µ(d)|/N(d)) = O(b
1/f−1+ε), for all ε > 0.
Proof. To prove (i), we note that (7) gives
∑
d∈IN
N(d)≤b
|µ(d)|
N(d)s
=
∑
d∈IN
N(d)≤b
∏
p
|µ(dp)|
N(dp)
s
≤
∏
p
∑
d,p
|µ(d)|
N(d)s
for all s ∈ R and b > 0, and
lim
b→∞
∑
d∈IN
N(d)≤b
|µ(d)|
N(d)s
=
∏
p
∑
d,p
|µ(d)|
N(d)s
.
Hence, it suffices to show that
∏
p
∑
d,p
|µ(d)|
N(d)s converges for s > 1/f .
Let p be a prime ideal of Ok. The sum
∑
d,p
|µ(d)|
N(d) is finite, because
µ((peρ)ρ∈Σ(1)) = 0 for all N -tuples of non-negative integers (eρ)ρ∈Σ(1) such
that eρ ≥ 2 for some ρ ∈ Σ(1). If (eρ)ρ∈Σ(1) is an N -tuple of non-negative
integers, not all 0, and eρ = 0 for all ρ ∈ Σ(1) r σ(1) for a maximal
cone σ ∈ Σmax, then µ((p
eρ)ρ∈Σ(1)) = 0. Therefore, if (eρ)ρ∈Σ(1) is an
N -tuple of non-negative integers, not all 0, such that µ((peρ)ρ∈Σ(1)) 6= 0,
then N(p)f |N((peρ)ρ∈Σ(1)). Then we can write
∑
d,p
|µ(d)|
N(d)s
= 1 +
1
N(p)fs
Q
(
1
N(p)s
)
,
where Q is a polynomial with non-negative integer coefficients. For every
N -tuple (eρ)ρ∈Σ(1) of non-negative integers, µ((p
eρ)ρ∈Σ(1)) does not depend
on the choice of the prime ideal p. Hence, Q is independent of the choice of
p. Thus ∑
p
1
N(p)fs
Q
(
1
N(p)s
)
≤ [k : Q]Q(1)
∑
n∈Z>0
1
nfs
is convergent for s > 1/f . Here
∑
p denotes a sum over the prime ideals of
Ok.
Property (ii) follows from (i) because for every ε > 0,
∑
N(d)≤b
|µ(d)| ≤ b1/f+ε
∑
N(d)≤b
|µ(d)|
N(d)1/f+ε
≤ b1/f+ε
∑
d∈IN
|µ(d)|
N(d)1/f+ε
.
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Property (iii) can be proven using (ii) as follows:∑
N(d)≥b
|µ(d)|
N(d)
=
∑
b′≥b
∑
N(d)≤b′
|µ(d)|
b′
−
∑
b′≥b−1
∑
N(d)≤b′
|µ(d)|
b′ + 1
=
=
∑
b′≥b
∑
N(d)≤b′
|µ(d)|
b′(b′ + 1)
−
1
b
∑
N(d)≤b−1
|µ(d)| ≤
≤
∑
b′≥b
∑
N(d)≤b′
|µ(d)|
b′2
−
1
b
∑
N(d)≤b−1
|µ(d)| =
= O
∑
b′≥b
b′1/f−2+ε
+O((b− 1)1/f+ε
b
)
. 
After Proposition 4 (i) we define
κ :=
∏
p
∑
d,p
µ(d)
N(d)
=
∑
d∈IN
µ(d)
N(d)
. (8)
3.2. Mo¨bius inversion for imaginary quadratic fields. From now on
we assume that k is an imaginary quadratic extension of Q. Let wk be the
cardinality of the group of units O×k of Ok. We identify with C the comple-
tion of k at its only infinite place and we denote by | · |∞ the corresponding
absolute value normalized as in §1.1. For every x ∈ CN , let
h(x) := sup
σ∈Σmax
|x−K(σ)|∞.
For every c ∈ Cr, every d ∈ IN and every B > 0, we define
Ac,d(B) := {x ∈ Λ(k) ∩
⊕
ρ∈Σ(1)
dρc
Dρ : h(x) ≤ N(c−K)B},
Cc(B) := {x ∈ cT˜ (Ok) ∩ Λ(k) : H(π(x)) ≤ B}.
Let o ∈ IN be defined by oρ := Ok for all ρ ∈ Σ(1). Then
Ac,d(B) = {x ∈ Ac,o(B) : d|cx}.
The sets defined above are finite, as the following proposition shows.
Proposition 5. The sets Ac,d(B) and Cc(B) are finite for all c ∈ C
r, all
d ∈ IN and all B > 0. In particular Ac,d(B) = ∅ if N(d) > B.
Proof. Let c ∈ Cr, d ∈ IN , B > 0 and x ∈ Ac,o(B). If d|cx, Lemma 3 and
the definition of −K give
N(d) = N(d−K) ≤ N(c−Kx ) =
N(x−K)
N(c−K)
≤
h(x)
N(c−K)
≤ B,
and hence, |xρ|∞ ≤ N(dρc
Dρ)N(d)−1B for all ρ ∈ Σ(1), as xρ 6= 0 for all
ρ ∈ Σ(1). Thus Ac,d(B) is finite, and Ac,d(B) = ∅ if N(d) > B. Moreover,
Cc(B) is finite as it is a subset of Ac,o(B) by (5) and Proposition 2. 
Using the parameterizing property of universal torsors, we show that the
counting function in Theorem 1 can be expressed in terms of the cardinalities
of the sets Cc(B) defined above.
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Proposition 6. With NT,H,k defined in Theorem 1 and the notation above,
NT,H,k(B) =
1
wrk
∑
c∈Cr
#Cc(B)
for all B > 0.
Proof. Recall that NT,H,k(B) is the cardinality of the set
{x ∈ T (k) : H(π(x)) ≤ B}.
Since π−1(T ) = Λ, the parameterization (4) gives
T (k) =
⊔
c∈Cr
cπ˜(cT˜ (Ok) ∩ Λ(k)).
Let c ∈ Cr. Since cπ˜ is a torsor over X˜ under Grm,X˜ by [FP14, Theorem 2.7],
its fibers over the Ok-rational points of X˜ are either empty or isomorphic
to (O×k )
r. Hence, each nonempty fiber of cπ˜ over an Ok-rational point of X˜
contains exactly wrk points. 
In the next proposition we perform Mo¨bius inversion to reduce the proof
of Theorem 1 to estimating the number of points in the sets Ac,d(B).
Proposition 7. For every c ∈ Cr and every B > 0,
#Cc(B) =
∑
d∈IN
µ(d)#Ac,d(B).
Proof. The definition of χ, µ and χd, together with (5) and Proposition 5,
gives
#Cc(B) =
∑
x∈Ac,o(B)
χ(cx) =
∑
x∈Ac,o(B)
∑
d∈IN
µ(d)χd(cx) =
=
∑
d∈IN
µ(d)
∑
x∈Ac,o(B)
χd(cx) =
∑
d∈IN
µ(d)#Ac,d(B). 
4. Proof of Theorem 1
We prove Theorem 1 by estimating the cardinalities of the sets Ac,d(B),
namely by counting lattice points in the following subsets of CN .
For every c ∈ Cr and every B > 0, let
Dc(B) := {x ∈ C
N : |xρ|∞ ≥ N(c
Dρ) ∀ρ ∈ Σ(1), h(x) ≤ N(c−K)B}.
We note that Ac,d(B) = Dc(B) ∩
⊕
ρ∈Σ(1) dρc
Dρ for all c ∈ Cr and d ∈ IN .
In Proposition 14 we approximate the cardinality of the sets Ac,d(B) by the
volume of Dc(B) with respect to the Haar measure dc,dx on CN ∼= R2N
normalized such that the volume of a fundamental domain for the lattice⊕
ρ∈Σ(1) dρc
Dρ is 1. Hence, we first compute the volume of Dc(B).
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4.1. Volume computation. Following [Sal98, Notation 9.1], we consider
L : T (C) = (C×)dimX → T∗R, x 7→ (log |xi|∞)1≤i≤dimX .
For every maximal cone σ ∈ Σmax, let Cσ be the closure of L
−1(−σ) in
X(C).
Remark 8. We observe that x ∈ π−1(Cσ) if and only if |x
Dρ−Dρ(σ)|∞ ≤ 1 for
all ρ ∈ σ(1), as the proof of [Sal98, Proposition 11.22] works with R replaced
by C, and in this case h(x) = |x−K(σ)|∞ (cf. the proof of [Sal98, Proposition
9.8]).
Proposition 9. Assume that r > 1. For every c ∈ Cr and d ∈ IN ,
N(d)
∫
Dc(B)
dc,dx =
(2π)N#Σmaxα(X)
(
√
|∆k|)N
B(logB)r−1 +O(B(1 + logB)r−2)
where α(X) is the constant αPeyre(X) defined in [Sal98, §7], and the implicit
constant in the error term does not depend on d.
Proof. Fix c ∈ Cr. For every B > 0, the subset Dc(B) ⊂ CN is bounded
by Lemma 3. For every σ ∈ Σmax, let Dc,σ(B) := Dc(B) ∩ π
−1(Cσ). Let
σ′ 6= σ in Σmax and ρ ∈ σ(1) r σ′(1). Since |xDρ−Dρ(σ)|∞ = 1 for all x ∈
Dc,σ(B) ∩Dc,σ′(B) (cf. proof of [Sal98, Proposition 11.22]), and uσ,Dρ 6= 0,
the set Dc,σ(B) ∩ Dc,σ′(B) is contained in a codimension 1 subvariety of
CN ∼= R2N . Hence,
∫
Dc,σ(B)∩Dc,σ′(B)
dc,dx = 0, and∫
Dc(B)
dc,dx =
∑
σ∈Σmax
∫
Dc,σ(B)
dc,dx.
Fix σ ∈ Σmax. By [Lan70, Lemma V.2.2], the lattice dρc
Dρ in C ∼= R2 has
determinant N(dρc
Dρ)
√
|∆k|/2 for all ρ ∈ Σ(1). Therefore,∫
Dc,σ(B)
dc,dx =
2N
N(d)N(c−K)(
√
|∆k|)N
∫
Dc,σ(B)
dx,
where dx is the usual Lebesgue measure on CN ∼= R2N .
Passing to polar coordinates with yρ := |xρ|∞/N(c
Dρ) for all ρ ∈ Σ(1)
gives ∫
Dc,σ(B)
dc,dx =
(2π)N
N(d)(
√
|∆k|)N
∫
D′c,σ(B)
dy,
where dy is the usual Lebesgue measure on RN and D′c,σ(B) is the set of
y ∈ RN that satisfy
min
ρ∈Σ(1)
yρ ≥ 1,
∏
ρ∈Σ(1)rσ(1)
yασ,ρ ≤ B, yρ ≤
∏
ρ′∈Σ(1)rσ(1)
y
−uσ,Dρ(nρ′)
ρ′ ∀ρ ∈ σ(1)
(cf. Remark 8). Moreover, [Sal98, (11.41)] gives∫
D′c,σ(B)
dy = α(X)B(logB)r−1 +O(B(1 + logB)r−2). 
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As explained in the introduction, we compare the cardinality of the sets
Ac,d(B) with the volume of Dc(B) after intersecting both with a suitable
partition of CN in strongly convex rational polyhedral cones. The next two
lemmas are the tools to produce such a partition.
4.2. Ideal lattices in C ∼= R2. We show how to produce a partition of
C ∼= R2 in six cones generated by bases of an ideal lattice consisting of
vectors of small length with respect to the determinant of the lattice, with
the property that in each cone the sum of the generators is longer than their
difference.
Lemma 10. Let a be a nonzero fractional ideal of k. Then there exist
v1, . . . , v6 ∈ a such that, if we set v7 := v1, then
(1) [0, 1)vi + [0, 1)vi+1 is a fundamental domain for the lattice a ⊆ C ∼=
R2 for all i ∈ {1, . . . , 6};
(2) we can write vi = (ηi, θi) in polar coordinates for i ∈ {1, . . . , 6}
so that if we set θ7 := 2π + θ1, then 0 ≤ θi+1 − θi ≤
π
2 for all
i ∈ {1, . . . , 6};
(3) |vi|∞ ≤ 16π
−2|∆k|N(a) for all i ∈ {1, . . . , 6}.
Proof. Let w1, w2 ∈ a ⊆ R2 be R-linearly independent elements such that
|w1|
1/2
∞ and |w2|
1/2
∞ are the first and the second successive minimum, respec-
tively, of the lattice a ⊆ R2 with respect to the unit ball. Let w3 := w1+w2.
For i ∈ {1, 2, 3}, write wi = (η
′
i, θ
′
i) in polar coordinates with θ
′
i ∈ [0, 2π).
Without loss of generality we can assume that π2 ≤ |θ
′
1 − θ
′
2| < π. Then
the inequalities |w1|
1/2
∞ ≤ |w2|
1/2
∞ ≤ |w1 + w2|
1/2
∞ force |θ′3 − θ
′
1| ≤
π
2 and
|θ′3 − θ
′
2| ≤
π
3 . Let u1 := w1, u2 := w3, u3 := w2, u4 := −w1, u5 := −w3 and
u6 := −w2. For i ∈ {1, . . . , 6}, let vi := ui if θ
′
2 − θ
′
1 > 0, and vi := u7−i if
θ′2 − θ
′
1 < 0.
We recall that the lattice a ⊆ R2 has determinant N(a)
√
|∆k|/2 (see
[Lan70, Lemma V.2.2] for example). Then [Cas59, §VIII.4.3] gives
|w1|∞|w2|∞ ≤ 4π
−2|∆k|N(a)
2.
Hence, |w1|∞, |w2|∞ ≤ 4π
−2|∆k|N(a) as |wi|∞ ≥ N(a) for i ∈ {1, 2}. There-
fore, |vi|∞ ≤ 2(|w1|∞ + |w2|∞) ≤ 16π
−2|∆k|N(a) for all i ∈ {1, . . . , 6}. 
Lemma 11. Let L be a lattice in C ∼= R2. Let v1, v2 ∈ L such that [0, 1)v1+
[0, 1)v2 is a fundamental domain for L and there are θ1, θ2 ∈ R with 0 <
θ2 − θ1 ≤
π
2 and vi = (ηi, θi) for i ∈ {1, 2} in polar coordinates. Then
|w|∞ ≤ |w + x|∞ < |w + v1 + v2|∞
for all w ∈ Z≥0v1 + Z≥0v2 and all x ∈ [0, 1]v1 + [0, 1]v2, x 6= v1 + v2.
Proof. Let w ∈ Z≥0v1+Z≥0v2 and x ∈ [0, 1]v1+[0, 1]v2, x 6= v1+v2. We can
write w = (η, θ) and x = (η′, θ′) in polar coordinates, with θ1 ≤ θ, θ
′ ≤ θ2.
Then
|w + x|∞ = |w|∞ + |x|∞ − 2ηη
′ cos(π − θ + θ′),
and cos(π − θ + θ′) ≤ 0, as |θ′ − θ| ≤ π/2. Similarly,
|w + v1 + v2|∞ ≥ |w + x|∞ + |v1 + v2 − x|∞,
and |v1 + v2 − x|∞ > 0 as x 6= v1 + v2. 
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Before proceeding with the comparison between the cardinality of the sets
Ac,d(B) and the volume of Dc(B), we estimate the number of lattice points
close to the border of the domains Dc(B) where we count them.
4.3. Boundary estimation. First comes a technical result analogous to
[Sal98, Sublemma 11.24].
Lemma 12. Let e, e1, . . . , er ∈ Z≥0, e > 0, B ≥ 1, D ∈ (0, 1] such that
DB ≥ 1. Let ǫr := max{e1, . . . , er}/e. Then∑ r∏
i=1
y
ei
e
−1
i ≤ max{1, ǫr2
ǫr}(DB)1/e(1 + logB)r
where the sum runs through the set of positive integers y1, . . . , yr that satisfy
max{y1, . . . , yr} ≤ B and
r∏
i=1
yeii ≤ DB.
Proof. The proof goes by induction on r. Let S(D,B, e; e1, . . . , er) be the
sum in the statement. Assume first that r = 1. If e1 = 0, then
S(D,B, e; 0) ≤ 1 + logB ≤ (DB)1/e(1 + logB) (9)
as DB ≥ 1. If e1 > 0, then
S(D,B, e; e1) ≤
∫ (DB)1/e1+1
0
y
e1
e
−1 dy ≤
e1
e
2
e1
e (DB)1/e ≤
≤ ǫ12
ǫ1(DB)1/e(1 + logB)
as (DB)1/e1 ≥ 1 and B ≥ 1. Assume now that r > 1. If er = 0, then
ǫr−1 = ǫr and
S(D,B, e; e1, . . . , er) = S(D,B, e; e1, . . . , er−1)S(D,B, e; 0) ≤
≤ max{1, ǫr2
ǫr}(DB)1/e(1 + logB)r−1(1 + logB)
by the induction assumption and (9). If e1, . . . , er > 0, then
S(D,B, e; e1, . . . , er) =
∑
yr≤(DB)1/er
y
er
e
−1
r S(y
−er
r D,B, e; e1, . . . , er−1) ≤
≤ max{1, ǫr2
ǫr}(DB)1/e(1 + logB)r−1S(D,B, e; 0)
as (DB)1/er ≤ B and ǫr−1 ≤ ǫr. The expected result follows by (9). 
The next proposition, inspired by [Sal98, Lemma 11.25(b)], estimates the
number of lattice points near the border of certain subdomains of Dc(B).
Proposition 13. Assume that r > 1. Let c ∈ Cr, d ∈ IN , B ≥ 1 and
ρ˜ ∈ Σ(1). For every ρ ∈ Σ(1), let vρ,1, vρ,2 ∈ dρc
Dρ that satisfy Lemma 11
for the lattice dρc
Dρ in C ∼= R2. Let
F :=
⊕
ρ∈Σ(1)
([0, 1)vρ,1 + [0, 1)vρ,2),
and let δc,d,ρ˜(F ;B) be the set
{x ∈ Ac,d(B) ∩
⊕
ρ∈Σ(1)
(Z≥0vρ,1 + Z≥0vρ,2) : h(x+ γ) > N(c
−K)B},
14 MARTA PIEROPAN
where γ = (γρ)ρ∈Σ(1) ∈ C
N is defined by γρ := 0 if ρ 6= ρ˜, γρ˜ := vρ˜,1 + vρ˜,2.
Then there exist positive constants B1 and C1, both independent of B and
d, such that
#δc,d,ρ˜(F ;B) ≤ C1N(d)
−1B(1 + logB)r−2min{N(d), 1 + logB}.
for all B ≥ B1.
Proof. For every σ ∈ Σmax, let δσ be the set of x ∈ δc,d,ρ˜(F ;B) such that
π(x + γ) ∈ Cσ. Then #δc,d,ρ˜(F ;B) ≤
∑
σ∈Σmax
#δσ and it suffices to show
that for every σ ∈ Σmax there are positive constants B
′ and C ′, both inde-
pendent of B and d, such that for all B ≥ B′,
#δσ ≤ C
′N(d)−1B(1 + logB)r−2min{N(d), 1 + logB}.
Fix σ ∈ Σmax. If x ∈ δc,d,ρ˜(F ;B), then π(x+ γ) ∈ Cσ if and only if∏
ρ′∈Σ(1)
|xρ′ + γρ′ |
uσ,Dρ(nρ′)
∞ ≤ 1
for all ρ ∈ σ(1), and in this case
h(x+ γ) =
∏
ρ∈Σ(1)rσ(1)
|xρ + γρ|
ασ,ρ
∞ ,
as recalled in Remark 8. Therefore, if ασ,ρ˜ = 0 then δσ = ∅ for all B > 0.
Hence, we assume that ασ,ρ˜ > 0. Thus, δσ is the set of x ∈
⊕
ρ∈Σ(1)(Z≥0vρ,1+
Z≥0vρ,2) that satisfy
|xρ|∞ ≥ N(dρc
Dρ) ∀ρ ∈ Σ(1), (10)
|xρ|∞ ≤
∏
ρ′∈Σ(1)rσ(1)
|xρ′ + γρ′ |
−uσ,Dρ(nρ′ )
∞ ∀ρ ∈ σ(1), (11)
h(x) ≤ N(c−K)B, (12)∏
ρ∈Σ(1)rσ(1)
|xρ + γρ|
ασ,ρ
∞ > N(c
−K)B. (13)
Let S := Σ(1)r (σ(1) ∪ {ρ˜}). Then Lemma 3 , (10) and (12) give∏
ρ∈S
|xρ|∞ ≤
N(c
∑
ρ∈SDρ)∏
ρ∈Σ(1)rS N(dρ)
B and
∏
ρ∈S
|xρ|
ασ,ρ
∞ ≤
N(c−K−ασ,ρ˜Dρ˜)
N(dρ˜)ασ,ρ˜
B
(14)
for every x ∈ δσ. Let S(B) be the set of (xρ)ρ∈S ∈
⊕
ρ∈S(Z≥0vρ,1+Z≥0vρ,2)
that satisfy (14) and such that xρ 6= 0 for all ρ ∈ S.
For every x ∈ δσ, condition (12) gives
|xρ˜|∞ ≤
(
N(c−K)B∏
ρ∈S |xρ|
ασ,ρ
∞
) 1
ασ,ρ˜
. (15)
Moreover, (13) can be written as
|xρ˜ + γρ˜|
ασ,ρ˜
∞
∏
ρ∈S
|xρ|
ασ,ρ
∞ > N(c
−K)B,
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and together with the triangular inequality for | · |
1/2
∞ gives
|xρ˜|∞ >
( N(c−K)B∏
ρ∈S |xρ|
ασ,ρ
∞
) 1
2ασ,ρ˜
− |γρ˜|
1
2
∞
2 . (16)
Therefore, for every (xρ)ρ∈S ∈ S(B) there are at most
π|γρ˜|
1
2
∞
N(dρ˜cDρ˜)
(
N(c−K)B∏
ρ∈S |xρ|
ασ,ρ
∞
) 1
2ασ,ρ˜
elements of Z≥0vρ˜,1 + Z≥0vρ˜,2 that satisfy the conditions (15) and (16).
By (11), for every (xρ)ρ∈S ∈ S(B) and xρ˜ as above, there are at most
A :=
∏
ρ∈σ(1)
 C0
N(dρcDρ)
∏
ρ′∈Σ(1)rσ(1)
|xρ′ + γρ′ |
−uσ,Dρ(nρ′)
∞

elements (xρ)ρ∈σ(1) ∈
⊕
ρ∈σ(1)(Z≥0vρ,1+Z≥0vρ,2) such that (xρ)ρ∈Σ(1) ∈ δσ,
where C0 = (π + 64|∆k|π
−1)/2. The equality
∑
ρ∈σ(1)Dρ(σ) = −K(σ) −∑
ρ∈Σ(1)rσ(1)Dρ together with the triangular inequality for | · |
1/2
∞ , Lemma
10 and (10) gives
A =
CN−r0∏
ρ∈σ(1)N(dρc
Dρ)
∏
ρ∈Σ(1)rσ(1)
|xρ + γρ|
ασ,ρ−1
∞ =
=
CN−r0∏
ρ∈σ(1)N(dρc
Dρ)
(
|xρ˜ + γρ˜|∞
|xρ˜|∞
)ασ,ρ˜−1 ∏
ρ∈Σ(1)rσ(1)
|xρ|
ασ,ρ−1
∞ ≤
≤
CN−r0∏
ρ∈σ(1)N(dρc
Dρ)
(
1 +
4|∆k|
1
2
π
)2(ασ,ρ˜−1) ∏
ρ∈Σ(1)rσ(1)
|xρ|
ασ,ρ−1
∞ .
Then (15) above gives
A ≤
CN−r0 (N(c
−K)B)
ασ,ρ˜−1
ασ,ρ˜∏
ρ∈σ(1)N(dρc
Dρ)
(
1 +
4|∆k|
1
2
π
)2(ασ,ρ˜−1)∏
ρ∈S
|xρ|
ασ,ρ
ασ,ρ˜
−1
∞ .
Hence, there is a positive constant C independent of B and d such that for
every (xρ)ρ∈S ∈ S(B) there are at most
C|γρ˜|
1
2
∞B
1− 1
2ασ,ρ˜∏
ρ∈Σ(1)rS N(dρ)
∏
ρ∈S
|xρ|
ασ,ρ
2ασ,ρ˜
−1
∞
elements (xρ)ρ∈Σ(1)rS ∈
⊕
ρ∈Σ(1)rS(Z≥0vρ,1+Z≥0vρ,2) such that (xρ)ρ∈Σ(1) ∈
δσ.
For every ρ ∈ S, let yρ := |xρ|∞/N(dρc
Dρ). Then
#δσ ≤
(2C0)
r−1CN(c
∑
ρ∈S(
ασ,ρ
2ασ,ρ˜
−1)Dρ
)|γρ˜|
1
2
∞
N(d)
∏
ρ∈S N(dρ)
−
ασ,ρ
2ασ,ρ˜
B
1− 1
2ασ,ρ˜
∑∏
ρ∈S
y
ασ,ρ
2ασ,ρ˜
−1
ρ ,
(17)
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where the sum runs through the set of (yρ)ρ∈S ∈ (Z>0)r−1 that satisfy∏
ρ∈S yρ ≤ N(d)
−1B and
∏
ρ∈S y
ασ,ρ
ρ ≤ (
∏
ρ∈Σ(1)rσ(1)N(dρ)
−ασ,ρ)B. If
Ac,d(B) = ∅, then δσ = ∅. Hence, we assume that Ac,d(B) 6= ∅. Then
N(d) ≤ B by Proposition 5, and
∏
ρ∈Σ(1)rσ(1)N(dρ)
ασ,ρ ≤ B by (10) and
(12) and the fact that ασ,ρ = 0 for all ρ ∈ σ(1).
If N(d)
∏
ρ∈Σ(1)rσ(1)N(dρ)
−ασ,ρ ≤ 1, by Lemma 12 and Lemma 10 there
is a positive constant C ′′ independent of B and d such that
#δσ ≤ C
′′N(d)−1B(1 + logB)r−1.
If N(d)
∏
ρ∈Σ(1)rσ(1)N(dρ)
−ασ,ρ ≥ 1, then the inequality (17) holds with
the sum running through the set of (yρ)ρ∈S ∈ (Z>0)r−1 that satisfy∏
ρ∈S
yρ,
∏
ρ∈S
y
ασ,ρ
ρ ≤ B
∏
ρ∈Σ(1)rσ(1)
N(dρ)
−ασ,ρ .
By Lemma 12 and Lemma 10 there exists a positive constant C ′′′ indepen-
dent of B and d such that
#δσ ≤ C
′′′N(d)−1B(1 + logB)r−1.
For every ρ ∈ S, let zρ := |xρ|∞/N(c
Dρ). We use Lemma 10 to estimate
|γρ˜|∞. Then
#δσ ≤
(2C0)
r−1C4π−1|∆k|
1
2N(dρ˜c
Dρ˜)
1
2
N(c
∑
ρ∈S(1−
ασ,ρ
2ασ,ρ˜
)Dρ
)
∏
ρ∈Σ(1)rS N(dρ)
B
1− 1
2ασ,ρ˜
∑∏
ρ∈S
z
ασ,ρ
2ασ,ρ˜
−1
ρ ,
where the sum runs through the set of (zρ)ρ∈S ∈ (Z>0)r−1 that satisfy∏
ρ∈S
zρ,
∏
ρ∈S
z
ασ,ρ
ρ ≤ B.
We recall that N(dρ˜)
1/2
∏
ρ∈Σ(1)rS N(dρ)
−1 ≤ 1. By [Sal98, Sublemma
11.24] there exist positive constants B′ ≥ 1 and C ′′′′, both independent
of B and d, such that
#δσ ≤ C
′′′′B(1 + logB)r−2 for all B ≥ B′.
Take C ′ := max{C ′′, C ′′′, C ′′′′}. 
4.4. Lattice point counting. The next proposition compares the cardi-
nality of the sets Ac,d(B) with the volume of Dc(B) computed above.
Proposition 14. Assume that r > 1. Let c ∈ Cr, d ∈ IN . Then there are
positive constants B2 and C2, both independent of d and of B, such that∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤ C2N(d)−1B(1+logB)r−2min{N(d), 1+logB}.
for all B ≥ B2.
Proof. If N(d) > B, then #Ac,d(B) = 0 by Proposition 5. By Proposition
9 there are positive constants B′ and C ′, both independent of d and of B,
such that
∫
Dc(B)
dc,dx ≤ C
′N(d)−1B(logB)r−1 for all B ≥ B′.
Assume now that N(d) ≤ B. For every ρ ∈ Σ(1), let vρ,1, . . . , vρ,6 ∈ dρc
Dρ
that satisfy Lemma 10, and let vρ,7 := vρ,1. Let I := {1, . . . , 6}
Σ(1).
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For every i ∈ I, let Di := Dc(B)∩
⊕
ρ∈Σ(1)(R≥0vρ,iρ +R≥0vρ,iρ+1). Then,∫
Dc(B)
dc,dx =
∑
i∈I
∫
Di
dc,dx. (18)
Recall that Ac,d(B) = Dc(B) ∩
⊕
ρ∈Σ(1) dρc
Dρ . Fix i ∈ I. Let Ai :=
Ac,d(B) ∩Di. Since
⋃
i∈I Di = Dc(B), we can compute #Ac,d(B) using the
inclusion-exclusion principle. For every i, i′ ∈ I, i 6= i′, there exists ρ ∈ Σ(1)
and j ∈ {i, i′} such that Ai ∩Ai′ ⊆ Lj,ρ(B), where
Lj,ρ(B) := (Z≥0vρ,jρ+1 ⊕
⊕
ρ′∈Σ(1)r{ρ}
(Z≥0vρ′,jρ′ + Z≥0vρ′,jρ′+1)) ∩Dc(B).
Then ∣∣∣∣∣∣#Ac,d(B)−
∑
i∈I
#Ai
∣∣∣∣∣∣ ≤ 2#I maxi∈I,ρ∈Σ(1)#Li,ρ(B), (19)
and∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤ 2#I maxi∈I,ρ∈Σ(1)#Li,ρ(B)+∑
i∈I
∣∣∣∣∣#Ai −
∫
Di
dc,dx
∣∣∣∣∣ .
Fix i ∈ I. We compare #Ai with the volume of Di by counting the
number of translated fundamental domains
Fi :=
⊕
ρ∈Σ(1)
([0, 1)vρ,iρ + [0, 1)vρ,iρ+1)
of
⊕
ρ∈Σ(1) dρc
Dρ contained in Di and those that intersect the boundary
D˜i := {x ∈ Di : h(x) = N(c
−K)B}.
Let x be an element of
Li :=
⊕
ρ∈Σ(1)
(Z≥0vρ,iρ + Z≥0vρ,iρ+1).
By Lemma 11,
|xρ|∞ ≤ |xρ + x
′
ρ|∞ < |xρ + vρ,iρ + vρ,iρ+1|∞
for all ρ ∈ Σ(1) and all x′ ∈ Fi. Let γi := (vρ,iρ + vρ,iρ+1)ρ∈Σ(1). Then
h(x) ≤ h(x+ x′) < h(x+ γi) (20)
for all x′ ∈ Fi. Hence, x+ Fi intersects D˜i if and only if
h(x) ≤ N(c−K)B < h(x+ γi).
Let
Ii := {x ∈ Ai : x+ Fi ⊆ Di},
Si(B) := {x ∈ Ai : h(x+ γi) > N(c
−K)B}.
Then #Ai = #Ii +#Si(B) and
∫
Di
dc,dx ≥ #Ii.
Write
∫
Di
dc,dx =
∫
D′i
dc,dx+
∫
DirD′i
dc,dx with
D′i := Di ∩ {x ∈ C
N : |xρ|∞ ≥ N(dρc
Dρ), ∀ρ ∈ Σ(1)}.
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Then∫
DirD′i
dc,dx ≤
∫
{x∈CN :|xρ|∞≤N(dρcDρ), ∀ρ∈Σ(1)}
dc,dx = (2π|∆k|
−1/2)N ,∫
D′i
dc,dx ≤ #{x ∈ Li : (x+ Fi) ∩D
′
i 6= ∅}.
Let x ∈ Li such that (x+ Fi) ∩D
′
i 6= ∅. Then h(x) ≤ N(c
−K)B by (20).
If x /∈ Ai, then there exists ρ˜ ∈ Σ(1) such that xρ˜ = 0. Let z ∈ Li be defined
by zρ := vρ,iρ+1 for all ρ ∈ Σ(1). Then |zρ|∞ ≤ 16π
−2|∆k|N(dρc
Dρ) for all
ρ ∈ Σ(1) by Lemma 10. Let y ∈ (x + Fi) ∩ D
′
i. For all ρ ∈ Σ(1), then
|xρ|∞ ≤ |yρ|∞ by Lemma 11, and |yρ|∞ ≥ N(dρc
Dρ) since y ∈ D′i. Hence
|xρ + zρ|∞ ≤ 2(|xρ|∞ + |zρ|∞) ≤ 2(|yρ|∞ + 16π
−2|∆k|N(dρc
Dρ)) ≤
≤ 2(1 + 16π−2|∆k|)|yρ|∞.
Then x+z ∈ Li,ρ˜(CB), where C := (2(1+16π
−2|∆k|))
maxσ∈Σmax
∑
ρ∈Σ(1) ασ,ρ,
and ∫
D′i
dc,dx ≤ #Ai +
∑
ρ∈Σ(1)
#Li,ρ(CB).
For every ρ ∈ Σ(1) and every x ∈ Li,ρ(B) there exists an integer m ≥ 0
such that x+mvρ,iρ ∈ Si(B). Hence, #Li,ρ(B) ≤ #Si(B). Thus,∫
Di
dc,dx ≤ #Ii + (2π|∆k|
−1/2)N +#Si(B) +N#Si(CB),
and∣∣∣∣∣#Ai −
∫
Di
dc,dx
∣∣∣∣∣ ≤ (2π|∆k|−1/2)N + (N + 2)max{#Si(B),#Si(CB)},
and∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤
≤ #I(2π|∆k|
−1/2)N + (2#I +#I(N + 2))max
i∈I
{#Si(B),#Si(CB)}.
It remains to estimate maxi∈I{#Si(B),#Si(CB)}. Let i ∈ I. For every
x ∈ Si(B), there exists γ ∈
⊕
ρ∈Σ(1){0, vρ,iρ + vρ,iρ+1} and ρ˜ ∈ Σ(1) such
that x+ γ ∈ δc,d,ρ˜(Fi;B). Hence, #Si(B) ≤ 2
N
∑
ρ˜∈Σ(1)#δc,d,ρ˜(Fi;B).
By Proposition 13 there exist constants B′′ ≥ 1 and C ′′ ≥ πN , both
independent of d and B, such that
#δc,d,ρ˜(Fi;B) ≤ C
′′N(d)−1B(1 + logB)r−2min{N(d), 1 + logB}
for all B ≥ B′′, all ρ˜ ∈ Σ(1) and all i ∈ I. Since C ≥ 1,
max
i∈I
{#Si(B),#Si(CB)} ≤
≤ N2NC ′′N(d)−1CB(1 + log(CB))r−2min{N(d), 1 + log(CB)}
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for all B ≥ B′′. Take B2 := max{B
′, B′′} and
C2 := max{C
′, (2#I +#I(N + 2))N2N+1C ′′C(1 + logC)r−1}. 
Proof of Theorem 1. For r = 1 see [Sch79]. For r > 1, Proposition 6 gives
NT,H,k(B) =
1
wrk
∑
c∈Cr
#Cc(B).
Let C2 and B2 be the constants in Proposition 14. For all B ≥ B2, Propo-
sition 7, (8), Proposition 14 and Proposition 4 (ii) and (iii) give∣∣∣∣∣#Cc(B)− κ
∫
Dc(B)
dc,ox
∣∣∣∣∣ ≤ ∑
d∈IN
|µ(d)|
∣∣∣∣∣#Ac,d(B)−
∫
Dc(B)
dc,dx
∣∣∣∣∣ ≤
≤ C2B(1 + logB)
r−2
 ∑
d∈IN
N(d)≤1+logB
|µ(d)|+ (1 + logB)
∑
d∈IN
N(d)>1+logB
|µ(d)|
N(d)

= O(B(1 + logB)r−2+1/f+ε)
for all ε > 0. Apply Proposition 9 with d = o. 
5. Compatibility with Peyre’s conjecture
We conclude this paper by showing that the leading constant CX,H,k in
Theorem 1 satisfies Peyre’s conjecture [Pey95, Conjecture 2.3.1].
We denote byAk the ring of adeles of k. Let X(Ak)
0 be the inverse image
of 0 under the map
X(Ak)→ HomZ(H
2
e´t(X,Gm)/H
2
e´t(k,Gm),Q/Z)
in [Sal98, Proposition 6.7], and let X(k) be the closure of the diagonal
embedding of X(k) in X(Ak). Since X satisfies weak approximation by
[Sko01, Theorem 5.1.2], the two inclusions
X(k) ⊆ X(Ak)
0 ⊆ X(Ak)
are equalities. We recall that since X is split there is just one isomorphism
class of universal torsors over X. By [Sal98, Remarks 6.13, 7.8], Peyre’s
conjecture coincides then with [Sal98, Conjectures 7.12]:
CX,H,k = α(X)τ(X, ‖ · ‖X), (21)
where α(X) is the constant defined in [Pey95, §2] (cf. [Sal98, §7]), and by
[Sal98, Theorem 6.19], τ(X, ‖·‖X ) is the Tamagawa number defined in [Sal98,
Definition 6.18] associated to the class of the universal torsor π : T → X
and to the adelic norm ‖ · ‖X for X that defines H (cf. [Sal98, (10.4)]).
We recall that Ωf denotes the set of finite places of k. For all ν ∈ Ωf , let
Oν be the ring of integers of kν . Since the model T˜ → X˜ is defined over
Ok, [Sal98, Proposition 9.14(a)] and [Sal98, Proposition 5.20(c)]
1 give the
1cf. [Sal98, (5.21)].
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following expression for τ(X, ‖ · ‖X):
Θ
1
(T 1NS(Ak)/TNS(k))m∞(X∞(Ak)
0 ∩ π(T (C)))
∏
ν∈Ωf
nν(T˜ (Oν)),
where TNS ∼= Grm,k is the Ne´ron-Severi torus of X, that is, the torus dual to
the geometric Picard group of X; T 1NS(Ak) is the kernel of the homomor-
phism
TNS(Ak)→ Hom(Pic(X),R) ∼= R
r, (xi,ν)1≤i≤r
ν∈Ω∞
7→
log ∏
ν∈Ωk
|xi,ν |ν

1≤i≤r
(22)
(cf. [Sal98, (5.18)]); Θ
1
is the Haar measure on T 1NS(Ak)/TNS(k) induced
by the Haar measure Θ∞ on TNS(Ak) under the bijection established in
[Sal98, p. 167], where Θ∞ is determined by the adelic order norm in [Sal98,
Remarks 5.9(b)] and by the convergence factors β∞ = 1, βν = Lν(1, TNS)
for ν ∈ Ωf defined in the proof of [Sal98, Lemma 5.16]; m∞ is the Borel
measure on X(C) defined by the adelic norm ‖·‖X ; X∞(Ak)0 is the compact
open subset of X(C) such that X(Ak)0 = X∞(Ak)0×
∏
ν∈Ωf
X˜(Oν), where
X(Ak)
0 is defined in [Sal98, Notation 6.8]; nν is the Borel measure on T (kν)
defined by the ν-adic norm ‖ · ‖X→T of [Sal98, Theorem 5.17].
We are ready to show that the constant (2) in Theorem 1 satisfies (21).
Proposition 15. With the notation above
(i) Θ
1
(T 1NS(Ak)/TNS(k)) = (2πhkw
−1
k )
r;
(ii) m∞(X∞(Ak)
0 ∩ π(T (C))) = (2π)N−r#Σmax;
(iii)
∏
ν∈Ωf
nν(T˜ (Oν)) = κ|∆k|
−N/2.
Proof. We first prove (i). According to [Sal98, p. 167], T (k) is endowed
with the counting measure, and TNS(Ak)/T
1
NS(Ak) is endowed with the
Haar measure pullback of the usual Lebesgue measure on Rr under the
isomorphism induced by (22). By [Sal98, 3.28–3.30] and [Sal98, Theorem
4.14],
Θ∞ =
∏
ν∈Ωk
βνων
where ων are the local Haar measures on TNS(kν) canonically induced by an
invariant differential form of degree r on TNS as in [Wei82, §2.2] (cf. the lines
before Theorem 4.14 in [Sal98]). By [Sal98, Lemma 5.16] the convergence
factors βν coincide with the canonical correcting factors for TNS defined in
[Ono61, §3.3]. Then,
Θ
1
(T 1NS(Ak)/TNS(k)) = c(Θ∞; T̂NS) = |∆k|
r/2γ(TNS ; k/k)
by [Ono61, (3.2.1)], where c(Θ∞; T̂NS) and γ(TNS ; k/k) are the numbers
defined in [Ono61, §3.2] and [Ono61, §3.5], respectively. We recall that
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TNS ∼= Grm,k is a split torus. Therefore, denoting by ζk the Dedekind zeta
function of k,
γ(TNS ; k/k) = γ(Gm,k; k/k)
r =
(
lim
s→1
(s− 1)ζk(s)
)r
= (|∆k|
−1/22πhkw
−1
k )
r
by [Ono61, Proposition 3.5.1, Theorem 3.5.1] and [Wei67, Corollary to The-
orem VII.6.3].
To prove (ii), we recall that X(Ak)
0 = X(Ak), and that X(Ak) =
X(C)×
∏
ν∈Ωf
X˜(Oν) as X is proper. Hence, X∞(Ak)
0 = X(C). Moreover,
π(T (C)) = X(C) by [CTS87, (2.7.2)], and m∞(X(C)) = (2π)N−r#Σmax by
[Sal98, Proposition 9.16].
We now prove (iii). Let ν ∈ Ωf and denote by p the corresponding prime
ideal of Ok. By [Sal98, Corollary 2.15, Proposition 9.14],
nν(T˜ (Oν)) = #T˜ (Fp)
(
µν(Oν)
#Fp
)N
where µν is the Haar measure on the additive locally compact group kν
normalized such that µν(Oν)µν(O
D
ν ) = 1. Here O
D
ν is the inverse different
of Oν .
For x ∈ FNp , let xOk := (x
′
ρOk)ρ∈Σ(1), where (x
′
ρ)ρ∈Σ(1) ∈ O
N
k is a repre-
sentative of the class x ∈ (Ok/p)
N . Then, with the notation of Subsection
3.1,
#T˜ (Fp) =
∑
x∈FNp
χ((xOk)p) =
∑
x∈FNp
∑
d,p
µ(d)χd(xOk).
Since µ((peρ)ρ∈Σ(1)) = 0 for all N -tuples of non-negative integers (eρ)ρ∈Σ(1)
such that eρ ≥ 2 for some ρ ∈ Σ(1), we can replace
∑
d,p by the sum
∑′
d,p
running through the set of d = (peρ)ρ∈Σ(1) with eρ ∈ {0, 1} for all ρ ∈ Σ(1).
Let ρ ∈ Σ(1). If dρ = Ok, then dρ | x
′
ρOk for all x ∈ F
N
p . If dρ = p, then
dρ | x
′
ρOk if and only if xρ = 0 in Fp. Hence, given d = (p
eρ)ρ∈Σ(1) with
eρ ∈ {0, 1}, ∑
x∈FNp
χd(xOk) = #F
{ρ∈Σ(1):eρ=0}
p = #F
N
p N(d)
−1.
Then,
nν(T˜ (Oν)) = µν(Oν)
N
∑
d,p
µ(d)
N(d)
.
Moreover,
∏
ν∈Ωf
µν(Oν) = |∆k|
−1/2 because of the normalization of the
measures µν , and κ =
∏
p
∑
d,p
µ(d)
N(d) by (8). 
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